For surface waves in brimful right circular cylinders with clean interfaces and pinned contact lines, damping rates and frequencies are measured for the six lowest frequency surface-wave modes over a two-decade range of the inverse Reynolds number C. Asymptotic calculations that include viscous dissipation in both Stokes boundary layers and the bulk show good agreement with measurements for small C; the theory typically overpredicts the measured damping rates for C large. Our measurements suggest interfacial contamination may account for a previously reported discrepancy between theory and experiment.
I. INTRODUCTION
The decay rate for surface waves in a container has proven to be surprisingly difficult to predict quantitatively. Some damping mechanisms are inherently complex: Examples include damping by free surface contamination ͑a consequence of ''pouring oil on troubled waters,'' as noted by Aristotle, Plutarch, and Pliny the Elder 1 ͒ and by contact line motion at the lateral boundary. 2 Nevertheless, even in the case where contamination and moving contact lines are absent, theoretical predictions, which often only include damping due to ͑oscillatory͒ Stokes boundary layers near the bottom and sides of the container, can underestimate measured damping rates by as much as a factor of 4. 3, 4 Recent calculations by Martel et al. 5 suggest predictions may be improved dramatically by including the effects of viscous dissipation in the bulk of the liquid layer. For a brimful right circular container with a clean surface and a pinned contact line, Martel et al. find damping rates that agree to within 4% for five out of six modes measured in the experiments of Henderson and Miles ͑henceforth referred to as HM, 3 ͒; for the sixth mode, theory underpredicts experiment by 26%. Later calculations 6, 7 yield essentially the same result, leaving this discrepancy unresolved. With the availability of only these six data points ͑at a single fixed set of parameter values͒ for comparison, the degree to which the inclusion of bulk damping improves predictions for a broad range of experimental conditions has, heretofore, remained untested.
We report measurements of modal damping rates and frequencies in experiments that achieve a two-decade variation in the inverse Reynolds number C ͑Fig. 1͒, which characterizes the damping. To make connection with earlier experiments, we study modes in one container that is nearly identical in geometry and construction to that used in HM; a second container of substantially different aspect ratio ⌫ is also investigated. Developing an experimentally proven approach for predicting linear damping is an important step toward building a fully self-consistent weakly nonlinear theory for the evolution of waves in many fundamental and practical problems involving confined liquids with free surfaces; examples include pattern formation and transport in Faraday waves 8, 9 and oscillations in liquid bridges, a hydrodynamic model for float-zone refining.
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II. BACKGROUND
Experiments are conducted with right cylindrical containers filled to the brim with fluids whose kinematic viscosities v range over two orders of magnitude. An acrylic container that closely follows the design used by HM is constructed with depth dϭ2.764Ϯ0.005 cm and aspect ratio ⌫ϭ0.725. A second container, which has dϭ1.180Ϯ0.005 cm and ⌫ϭ4.33, is fabricated with an aluminum sidewall and acrylic bottom. Both silicone oils ͑poly-dimethylsiloxanes-Dow Corning 200® Fluids͒ and highly purified water ͑High Performance Liquid Chromatography ͑HPLC͒ grade, Sigma-Aldrich, Inc.͒ are used in the ⌫ ϭ0.725 container; only silicone oils are investigated in the ⌫ϭ4.33 container. The rim of each container is sharpened on the inner diameter to provide a uniform, well-defined edge to pin the contact line. For the silicone oils, the rim is coated with a fluoropolymer ͑FluoroPel™ PFC1601A, Cy- 11 and density is measured using a specific gravity cup ͑Table I͒. For water, v, , and are obtained from published data. 12 The governing nondimensional parameters C, ⌫, and the Bond number B ͑Fig. 1͒ are fully determined by specifying these properties in conjunction with the container geometry.
Vertical vibration of the container parametrically excites surface wave modes ͑Faraday modes͒, which are characterized by ordered pairs (mq) where m is the number of radial nodes and q is the number of azimuthal nodes ͑excluding the node enforced by the pinned contact line͒. The container is mounted on an inductively driven linear translation stage ͑linear motor͒, which is vertically vibrated at approximately twice the natural frequency of the mode under study. The motor is driven by a bipolar power supply, which, in turn, is under open-loop computer control via a 12-bit analog voltage output. Under these conditions, the container motion is sinusoidal, as verified by measurements in separate experiments using a capacitive displacement transducer. For a properly chosen excitation amplitude, the filled container is vibrated for 30-120 s before the initially flat oil-air interface becomes unstable to waves; when the waves reach a steady-state saturation amplitude where both m and q can be easily verified visually, the vertical excitation is turned off and the waves decay.
The amplitude of decaying waves is typically monitored nonintrusively by tracking the reflection of a red diode laser beam from the liquid-air interface. The incident beam is normal to the initially flat interface. As a result, the reflected beam is unaffected by changes in the liquid depth and is deflected solely by changes in slope at the interface. A beamsplitter directs the reflected beam to strike the surface of a position sensing detector ͑Model 1L30, On-Trak Photonics, Inc.͒, which tracks the average position of the intercepted beam. When the interface is undisturbed, the intercepted beam is normally incident on the center of the detector; when the interface is in motion, the detector subtends the angle through which the beam moves, permitting real-time measurement of the interface slope. In some experiments, we also measured the height of surface waves using a noncontact capacitive probe ͑Model TPC-200, Capacitec, Inc.͒, in a manner similar to that employed by HM. Both methods often yield the same result. However, we find that for the highest frequency modes in the ⌫ϭ0.725 container, damping rates measured using the capacitive probe depend somewhat on the lateral positioning of the probe; we attribute this variation to the coupling of the probe's nonuniform electric field to the laterally varying interface shape over the ϳ0.8 cm diam region interrogated by the probe. No such spatial dependence is found with the laser probe, which senses a much smaller lateral region ͑ϳ0.1 cm diam͒, and, therefore, yields measurements that are less sensitive to the undesired effects of spatial averaging.
Complex demodulation 13 of the surface-slope time series yields the measured damping rates ␦ e and frequencies e ͑Fig. 2͒. A time interval is selected where the surface slope has small amplitude and decays symmetrically about the mean position of the interface ͓e.g., 10 sϽtϽ45 s in Fig.  2͑a͔͒ . The time series is repeatedly complex-demodulated with iterative changes in the modulation frequency. The frequency e of the surface-wave mode is equal to the modulation frequency that minimizes the phase change for the time interval of interest ͓Fig. 2͑b͔͒. A semilog plot of complex-demodulated amplitude exhibits a linear behavior over this same time interval ͓Fig. 2͑c͔͒; the slope of a line fitted to the data yields the decay rate ␦ e for the surface waves.
Predicted damping rates ␦ t and frequencies t are computed using the asymptotic calculation method developed by Martel et al. 5 In brief, normal mode solutions ͑described by the velocity, pressure, and surface deformation fields as well as the damping rate and frequency͒ are expanded in powers of C 1/2 to order C in the linearized governing equations and boundary conditions. An integral solvability condition 5 is used to overcome the difficulty that a contact line singularity, which becomes stronger with increasing powers of C, often causes perturbation calculations to fail at O(C).
14 Solution of the resulting boundary-value problem leads to predicted damping rates and frequencies of the form
where a 0 is obtained from
describes the first approximation to viscous dissipation in the Stokes layers, and a 2 C includes the effects of both viscous dissipation in the bulk and a higher order correction to the damping in the Stokes layers. ͑At the next highest order for both t and ␦ t ͓O(C 3/2 )͔, the first contribution from damping in the free surface boundary layer arises; this effect as well as all other terms beyond O(C) are neglected.͒ The computation of a 0 , a 1 , and a 2 as a function of C, B, and ⌫ corresponding to our experiments follows identically the method of computing the corresponding quantities in Eq. ͑3.1͒ of Ref. 5 , to which we refer the interested reader for further details.
III. RESULTS
The frequencies t and e typically agree to better than 1% for the 74 separate conditions investigated in our experiments ͑Tables II-IV͒. e is weakly dependent on C; for example, e for the ͑20͒ mode decreases by 6.6% when C increases by a factor of 100 for ⌫ϭ4.33. This characteristic is captured by t ͓Eq. ͑1͔͒ since the inviscid term a 0 domi-
To make direct connection to the experiments of HM, both HPLC grade water and silicone oil ͑Tables II and III͒. Special care is taken in the water experiments to follow closely the experimental protocols of HM, including prior soaking of the container with the same cleaner ͑Micro-90, International Products Corp.͒, enclosing the experiment in a protective dust cover, and vacuuming the interface with a water-driven venturi pump. Measurements of damping in water are recorded as rapidly as possible after aspirating the interface-typically within ϳ3 min. Despite these precautions, we find the measured damping rate is effectively reproducible only by the tedious process of refilling and aspirating the interface prior to each run, repeated measurement after aspiration typically yielded noticeably larger damping rates. ͑HM report reproducible measurement of ␦ e over a 3 h period.͒ Under these conditions, we find ␦ e and ␦ t agree within 4.6% for the ͑10͒, ͑20͒, and ͑30͒ modes ͑Table II͒, in accord with HM. 5, 6 We also find ␦ e exceeds ␦ t for the ͑0,1͒ mode; however, ␦ e is ϳ12% larger in our experiments vs 26% larger in HM. 5 In our case, the increase of ␦ e with time as the interface ''aged'' suggests the experiments with water are not completely free from interfacial contamination due to surface active agents. By contrast, aspiration and special cleaning procedures are not used for the experiments with silicone oil, whose low surface tension leads to an interface that is highly insusceptible to contamination. We find ␦ e and ␦ t for silicone oil in the same container for values of C similar to the water experiments agree to better than 5.4% for all modes, including ͑01͒ ͑Table III͒. No aging effects are observed with silicone oil; ␦ e is reproducible over a several hour period, provided the container is refilled to replace oil lost by evaporation. The silicone oil and water runs differ substantially in the value of B ͑Tables II and III͒; however, this difference translates into a relatively small difference in ␦ t (ϳ5%), when both fluids are at the same value of v.
Thus, we believe these results, as a whole, suggest interfacial contamination in the HPLC water experiments by HM and us may account for the discrepancy with theory for the ͑01͒ mode.
Damping rates from theory and experiment typically agree to better than 7% when CϽ10 Ϫ3 with silicone oils for both the ⌫ϭ0.725 and ⌫ϭ4.33 containers ͑Tables III and IV͒. The agreement remains quite good even as C increases such that the higher order bulk damping contribution a 2 C becomes more than four times larger than the leading order Stokes layer contribution a 1 C 1/2 ͓e.g., the ͑01͒ mode at C ϭ7.591ϫ10 Ϫ4 in Table III͔ . It is worth noting that predictions for the ⌫ϭ0.725 container well-represent the deepcontainer limit; ␦ t is virtually unchanged by taking ⌫→0 for all modes at all values of C studied here. By contrast, the ⌫ϭ4.33 container better represents the shallow-container regime ⌫ӷ1 where the requirement that the thickness of the Stokes layers be small compared to 1/⌫ ensures that the bulk contribution a 2 C is small for the lowest frequency modes. 5 Thus, for a given value of C, the bulk contribution is typically significantly more important for describing the measured damping at ⌫ϭ0.725 than for ⌫ϭ4.33. For both aspect ratios at fixed C, the bulk damping becomes more important as increases; physically, the amplitude of surface wave modes decay spatially as an exponential function of the wave number moving away from the free surface toward the bottom boundary. Thus, since the wave number increases with increasing , the Stokes layer dissipation at the container's bottom quickly becomes negligible and the bulk damping dominates.
For at the same aspect ratio in silicone oil ͑Table III͒. The contribution of systematic experimental error to these discrepancies cannot be ruled out; measurement of ␦ e is more difficult at higher damping since the range in time where the log of the amplitude exhibits a well-defined slope ͓Fig. 2͑c͔͒ becomes substantially smaller.
In summary, our results demonstrate that viscous dissipation in both the Stokes layers and the bulk must be included to predict quantitatively decay rate measurements of low frequency Faraday modes over a wide range of C in right circular cylinders. Similar good agreement is expected for other container shapes ͑e.g., rectangular͒, but this conjecture remains unverified. The behavior of higher frequency modes also remains unexplored; in this regime, damping at the free surface is expected to become more important and can play an important role in pattern formation. 8 
